Layman Physics Quantum Mechanics

1. Problem 1

Free Particle

A particle moves along the x-axis in free space. At t = 0, we find it in the state
U(z,0) = (2|T(0)) = Ne ! v = real
(a) Find:
e N so that ¥(z,0) is normalized.

is vy = —100A™" a valid choice?

The probability density P(z,0) to find the particle between x and
r+dratt=0.

The probability-current density J(x,0) at ¢ = 0.
The time derivative (%P (x,t) of the probability density at t = 0.

(b) What are the possible outcomes of a measurement of the momentum at
t = 07 What is the probability to measure each allowed value? Do you
expect these probabilities to change with time? Explain.

(c) Find (z), (p), and Az for t = 0 and for t > 0.

(d) Find the average value of the energy at a positive time ¢ > 0.

Solution.
a.) For this, we simply directly solve the inner product of the wavefunction with itself,
or the integral

/OO U(z,0)"V(z,0)dr =1

o0

/OO N2e 21l gy = N2 /OO e~ 2l gy

o0 o0

= 2N? /OO e~ 2l gy
0

and then utilizing the exponential integral

we arrive at a normalization constant of
N — ﬁ
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Regarding the second bullet point, v = —100A"" is not a valid choice because if
v < 0 then our normalization integral would diverge, and we would end up with a
non-normalizable wavefunction.

The probability density for a wavefunction is defined as
p(.0) = |W(, 0) = e 1"

which we got to immediately because we utilize the probability density to normalize a
function, which we have already done.

For the fourth bullet point, we say that for any real function the probability-current
density is zero. You can see this if you write out the equation for probabiltiy-current
density,

1h
J(r,t) = — [*V¢ —Vy*
(6,6) = =2 - ["V% — YV
For the last bullet point, we immediately see our probability density has no time de-
pendence, so the derivative of it is zero.

b.) The possible outcomes for a measurement of momentum are all of them within
the range of —oo — 00, as this has been the only restriction placed, and the momen-
tum operator has continuous eigenvalues, not discrete. The probability to measure the
allowed values is given by the postulate

P =|(p|¥(z,0))*

Since the wavefunction is currently represented in the position basis, we need to apply
the fourier transform to get it into the momentum basis(which is what this is saying),
so we write

&0 1 ipx
wiv) = [ eF el
B

0o V2mh

Since this deals with the absolute value of x, we need to split this into two integrals in
order to evaluate it correctly,

00 ) 0 )
e =[5 2 { [t [ ew—wdx]
m 0 —o0

B ol 1 n 1
-V 2rh |y +ip/h  y—ip/h

_ oy
2rhy? + (£)?
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Now we plug this back into our probability postulate, and arrive at

P = | (pl¥(x,0)
"Were
:whm

so the probability of a certain momentum measurement is dependent upon both the
“tightening” factor v and the momentum p.

No we do not expect the momentum to change with time. Momentum states are
also eigenstates of the Hamiltonian, so the probability will not be time dependent, if
we write

P = | (p|0(t)) |* = [ {ple "0 (0)) [* = [e~ """ {p|W(0)) [

it can be seen the “wiggle factor” disappears.
c.) We find the expectation value for position and momentum at ¢ = 0 through the
application of

(x) = (W]|P), (p) = (V[p|¥)

The & operator in position space is simply x, so for the expectation value of x we can

write
@ = [ wole.0)=q [ e

and we see this is an odd function, so we can automatically see the result of this integral
is 0, leaving us with

() =0

For the momentum, we could also see that it would be an odd function or from Ehren-
fest theorem see that the expectation value of momentum would also be zero,

{p) =0
We find the standard deviation of an operator through
Az =/ (22) — (z)°

and we have already shown that the expectation value of x is zero, so all we need to
find is the expectation value of 2.

(2?) = (]2 T)
[y [ e
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utilizing another definite exponential integral, we have

1 1
2
:—7A = —

For t > 0, from Ehrenfest we immediately see that (z),(p) are independent of time
and do not change. The only thing that may change is the uncertainty in x, so we
know from above that we need to find

<x2>t =7

To solve for this, we utilize the Heisenberg Equation of Motion, which relates the time
evolution of any operator to its ability to commute with the Hamiltonian of the system.

L0(A)
Zh—ét = ([A, H])
so for our case we have
0 <x2> 1 2
= — H
el o 2 (2 H)

We can further simplify this by remembering that we are describing a free particle, so
there is no potential to act on it, so we can rewrite our Hamiltonian as

5(z2) 1 <[x2 p_2}>

5t ih "2m

we factor out the constants, and our commutator simplifies to

5<332>_ 1 2 2
5t~ 2mp D

so for our free particle we describe how the expectation value of 22 changes in time in
terms of the ability of this operator to commute with the p? operator of the system.
Using commutation relations we factor out factors of x,p to attempt to get to the
canonical commutation relation for position and momentum,

2%, p?] = xla, p?] + [z, p*la

x[z, p*] = zplx, p| + x|z, plp

[z, p*]x = plx, plo + [z, plpz

— [2*,p?] = aplz, p] + [z, plp + plz, plz + [z, plpz

now we plug in [z, p] = ih, and we have

([2*, p*]) = ih (xp + zp + px + pr) = 2ih (xp + pT)
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So to turn back to how our expectation value of 2% changes in time, we now have
§{x?) 1
50 = o lptpw)
And now we must seek to describe how this expectation value changes in time. You
may think we are kind of running in circles, but you will see that we will find a way to
express this soon enough, just think of what we are doing as the same sort of process
one takes when solving for a differential equation, where each expectation value can
be thought of as the next function.

d(xzp+px) 1 (
ot ~ 2mbhi
I will omit the steps, but following the same process as the previous one, we arrive at

2
5<xp+px> _ 1. 4iﬁ<p2>: 2<p >t

dt 2mih m
Our next step would be to check and see if the rabbit hole goes any deeper by seeing
how this new operator changes in time, but we can see that this would now be zero due
to [p?, H] = [p?, p?]. We now see that when we plug these back into our time changing
value of 22, we arrive at

[zp + pz, p))

0(z%) _ 2(p%)

1
t
t P
+ - (xp + px),

6t m?
The integral of this results in(taking into account an offset by (x?),),
(r?) > (xp+pr)
(%), = 510+ 4 (2¥),

Now we just need to actually calculate these expectation values using integration.
Without going through the process, we know what the last term is from our previous
work, the second term ends up being zero due to an imaginary integral, and the first
term gives a value of v2h2?. Plugging this all in, we now have our answer for this time
dependent expectation value as

h2~? 1
2 2
=t o
and our standard devation in time as
h2~2 1
Ax = 72 2+ -—
m 2y

d.) The Hamiltonian is invariant of time, so we write
(H) = (V[H|V)

or we can solve this quicker by realizing that we already solved for the expectation value
of the only operator in the Hamiltonian, and instead write the following, finishing our
solution.

g P _ P

2m 2m
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